The non-Abelian gauge fields play a key role in achieving novel quantum phenomena in condensed-matter and high-energy physics. Recently, the synthetic non-Abelian gauge fields have been created in the neutral degenerate Fermi gases, and moreover, generate many exotic effects. All the previous predictions can be well understood by the microscopic Bardeen-Cooper-Schrieffer theory. In this work, we establish an SU(2) Ginzburg-Landau theory for degenerate Fermi gases with the synthetic nonAbelian gauge fields. We firstly address a fundamental problem how the non-Abelian gauge fields, imposing originally on the Fermi atoms, affect the pairing field with no extra electric charge by a local gauge-field theory, and then obtain the first and second SU(2) Ginzburg-Landau equations. Based on these obtained SU(2) Ginzburg-Landau equations, we find that the superfluid critical temperature of the intra-(inter-) band pairing increases (decreases) linearly, when increasing the strength of the synthetic non-Abelian gauge fields. More importantly, we predict a novel SU(2) non-Abelian Josephson effect, which can be used to design a new atomic superconducting quantum interference device.
The non-Abelian gauge fields, whose different components do not commute each other, are a central building block of the theory of fundamental interactions. Attributed to their high degrees of controllability, tunability, and versatility, ultracold quantum gases are a powerful platform to simulate the non-Abelian gauge fields. In general, the atomic quantum gases are charge neutral, and are thus not influenced by external gauge fields the way electrons are. Fortunately, by controlling different laser-atom interactions, the synthetic non-Abelian gauge fields can be created in these neutral quantum gases [1] [2] [3] . Moreover, the simplest non-Abelian gauge field, which is always called the one-dimensional (1D) equal-RashbaDresselhaus(ERD)-type spin-orbit coupling, has been realized experimentally [4] [5] [6] [7] [8] [9] [10] [11] [12] , using a pair of Raman lasers. Recently, the similar but spatial-dependent gauge field has also been achieved in ultracold 87 Rb atom [13] . These important experiments pave a new way for exploring nontrivial quantum effects, induced by the synthetic non-Abelian gauge fields, in ultracold quantum gases. For instance, based on the microscopic Bardeen-CooperSchrieffer (BCS) theory, exotic superfluids [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , including the topological BCS [22] [23] [24] [25] [26] and Fulde-FerrellLarkin-Ovchinnikov phases [27] [28] [29] [30] [31] , have been predicted in degenerate Fermi gases.
In the conventional charge superconductors, the U(1) Ginzburg-Landau (GL) theory, in parallel with the microscopic BCS theory, is another famous theory to explore relevant physics [32] . One of its most powerful features that it can be used to quantitatively describe the effects induced thermal fluctuations in the intermediate and strong coupling normal states, which are, however, missed in the BCS theory [33] . Moreover, some novel quantum phenomena, such as Josephson effect, flux flow, and the melting of the Abrikosov vortex lattice, etc. [34] , have also been revealed by this theory. However, the GL theory for degenerate Fermi gases with the synthetic non-Abelian gauge fields is still lacking. In this work, we establish an SU(2) GL theory for this system, based on the non-Abelian properties of the synthetic gauge fields.
Notice that in the conventional charge superconductors, the pairing has the electric charge 2e, and is thus affected easily by the external gauge fields. However, the formed pairing in degenerate Fermi gases is charge neutral. It is natural to ask a fundamental and very important problem how the neutral pairing field interacts with the synthetic non-Abelian gauge fields, imposing originally on the Fermi atoms. We firstly address this key issue by a local gauge-field theory of the pairing field. Then, we obtain the first and second SU(2) GL equations by the variation of the total free energy with respect to the pairing field and the synthetic non-Abelian gauge fields. Based on these obtained SU(2) GL equations, we find that the superfluid critical temperature of the intra-(inter-) band pairing increases (decreases) linearly, when increasing the strength of the synthetic nonAbelian gauge fields. More importantly, we predict a novel SU(2) non-Abelian Josephson effect, which can be used to design a new atomic superconducting quantum interference device.
Results
Total free energy in space. In general, the pairing field, resulting from the two-component Fermi atom field φ(r) coupled with the synthetic SU(2) non-Abelian gauge fields, is expressed as ψ(R) = φ 1 (r)φ 2 (r ′ ), where φ 1 and φ 2 are the fields for two different Fermi atoms, r is the 3D space-dependent coordinate of the Fermi atom, and R = (r + r ′ )/2 is the coordinate of the pairing field [35] . Obviously, ψ is a boson field. In terms of the local gauge-field theory of the pairing field (see Methods), we demonstrate strictly that this pairing field has an internal helical doublet and can interact with the same synthetic non-Abelian gauge fields, imposing originally on the Fermi atoms.
In addition, the total free energy is derived, in units of = c = 1, by (see Methods)
In equation (1), f n is the energy density of the normal state.
, with the coefficients a and b, is the effective potential of the pairing field. The first and second terms of U eff are the free and selfinteracting energy densities of the pairing field, respectively. The explicit expressions of the coefficients a and b can, in principle, be determined from the microscopic BCS theory [35] . In general, the coefficient a is dependent of temperature. When the temperature is lower than the superfluid critical temperature, a > 0, while a < 0 vice versa. On contrary, the coefficient b is positive for any temperature. f c = |Π i ψ| 2 /4m is the kinetic energy, where Π i = −i∂ i − αA i and m is the mass of the Fermi atom. f G = ̺L ij L ij is the energy density functional of the synthetic non-Abelian gauge fields A i , where
is the tensor of the synthetic nonAbelian gauge fields A i , and satisfies the anti-symmetry property L ij = −L ji , and ̺ is a coefficient determined by the synthetic non-Abelian gauge fields A i . In the previous discussions, the synthetic non-Abelian gauge fields are usually chosen, in the spin-basis representation, as
where l and f (l) are the introduced functions of spacetime, the dimensionless constant χ determines the type of the synthetic non-Abelian gauge fields, andÎ 2 is a 2 × 2 unit matrix. For χ = 1, the 2D RD-type non-Abelian gauge field emerges, and becomes the 1D ERD-type nonAbelian gauge field in the case of χ = 0 [4] [5] [6] [7] [8] [9] [10] [11] [12] . Recent experiment shows that the functions l and f (l) can be determined by the Rabi frequencies of laser fields [13] , thus both space-and time-dependent functions l and f (l) can be accessible. The first SU(2) GL equation. To describe the stable superfluid, we need study the variations of the total free energy, δF s (ψ), δF s (ψ * ), and δF s (A i ). In the case of the three-component non-Abelian gauge fields A i , the results are very complicate. For simplicity, here we only deal with the in-plane non-Abelian gauge fields, i.e., A z = 0. In such a case, we obtain the first SU(2) GL equation (see Methods)
with ζ = x, y. The gauge-invariant field equation (3) fully describes the interplay between neutral superfluids and the synthetic non-Abelian gauge fields, when the temperature is lower than the superfluid critical temperature. It seems that this equation is similar to that of the U(1) case. In fact, the physics is quite different. Attributed to the SU(2) properties of the synthetic gauge fields, there are two kinds of superfluid states, including the positive and negative helical states. Moreover, they couple with each other and both of them are vectors in 2D Hilbert space of the helical basis. It means that equation (3) is a twocomponent coupled equation in 2D Hilbert space. In addition, in the U(1) case, the pairing is formed by two spin states. However, in the presence of the synthetic non-Abelian gauge fields, the pairing emerges in two helical states. These different spin and helical states lead to different dispersion relations, and thus different microscopic quantum statistics of the interacting many-body systems. It implies that the coefficients a and b are also different.
Due to existence of the term bψ 2 ψ, the two-component nonlinear equation (3) is hard to be solved exactly. Here we use an approximate linearization method (i.e., assuming bψ 2 ψ ≃ 0) to deal with this equation [36, 37] . As an example, we consider a static RD-type non-Abelian gauge field, i.e., l = 1 and χ = 1 in equation (2) . In such case, we rewrite the spatial part of this non-Abelian gauge field as [σ x k F (ξ 0 + κy), σ z k F (ξ 0 + κx), 0], with the dimensionless infinitesimal κ and the Fermi vector k F of the non-interacting Fermi gases, and then assume the corresponding solution as ψ = exp(ik z z)h(x, y). The introduced dimensionless infinitesimal κ doesn't change the static property of the RD-type non-Abelian gauge field since κy −→ 0 and κx → 0, but is an auxiliary quality, which only help us to approximately solve equation (3) . Substituting the assumed solution ψ into equation (3) and using the approximate linearization method [36, 37] , we obtain the following 2D oscillatortype equation:
, where ω cx = ασ z k F /2m and ω cy = ασ x k F /2m are the circular frequencies in the x and y directions, respectively, and C 0 = −ξ 0 /κ. By further solving the above oscillator-type equation, we obtain |a| − k [36, 37] . As a consequence, the critical temperature is obtained, in the spin-basis representation, by
where T c (0) is the critical temperature without the synthetic non-Abelian gauge fields, and a T (> 0) is the leading-order expansion coefficient of a at T c (0).
Since in this work we investigate the physics of superfluid with the helical doublet, the critical temperature is obtained, from a transformation of SU(2) group representation to the helical basis of pairing doublet, by
When α = 0, T c = T c (0), as expected. Equation (4) shows that the superfluid critical temperature is a 2 × 2 matrix, because equation (3) is a two-component coupled equation. The diagonal elements reflect the critical temperature for the different superfluid states (the positive and negative helical states). Using the similar consideration of the electric charge matrix of the left-handed doublet of lepton [38] , we find that, when increasing the coupling strength α, the critical temperature of the pairing field in the negative helical state increases linearly from a non-zero value, which is consistent with the result derived from the microscopic BCS theory with the Nozieŕes-Schmitt-Rind correction [18] . Moreover, we can confirm that the pairing fields in the positive and negative helical states govern the superfluid physics of the inter-and intra-band pairings, respectively. For the superfluid critical temperature of the inter-band pairing, it decreases linearly when increasing the coupling strength α. This behavior can also be easily understood since the inter-band pairing is gradually suppressed, attributed to the blocking effect in Fermi surface.
where
with η = x, y. Equation (5) is also a two-component field equation. The left term of this equation reflects the in-plane supercurrents [35] , i.e,
This means that equation (5) governs the interplay between the in-plane supercurrents j ζ and the synthetic non-Abelian gauge fields A ζ . In addition, the term Θ ζ in equation (7) is a new term, originating from the nonAbelian properties of the synthetic gauge fields A ζ . The supercurrent in the z direction is given by (see Methods)
In terms of Noether's theorem [39] , the neutral supercurrents in equations (8) and (9) are the SU (2) charge currents, rather than the conventional probability currents (j i = n 0 ∂ i θ/2m) of superfluid order parameter ψ 0 = √ n 0 e iθ without any gauge field, where n 0 is the density of pairing. However, the supercurrent in the z direction is trivial, since it doesn't interact with the synthetic non-Abelian gauge fields A ζ . When the synthetic gauge fields are the U(1) cases, the term Θ ζ = 0, and equations (3) and (5) 
′ is the effective electric charge [35] . Moreover, the pairing field ψ is a single-component scalar field.
We emphasize that the nonlinear SU(2) GL equation (5) is gauge invariant, even if the terms Λ ζ and Θ ζ are dependent of the synthetic non-Abelian gauge fields. Notice that for the static synthetic non-Abelian gauge fields, Λ ζ = 0 and Θ ζ = 0, derived from equations (6)-(7). It seems that the in-plane supercurrents vanish. In fact, in terms of SU (2) symmetry, we make a local gauge trans-
L , and then obtain Λ ′ ζ = 0 and Θ ′ ζ = 0, i.e., equation (5) as well as the in-plane supercurrents still exist.
If the synthetic non-Abelian gauge fields are dependent of space-time, they can not be transformed to the static cases by a local gauge transformation. In this case, the superfluid physics becomes very rich, and however, is difficult to be discussed by the microscopic BCS theory. On contrary, our established GL theory is a powerful tool in this respect. In the Table I , we give the explicit expressions of Λ ζ , Θ ζ , and especially, the supercurrents for the 2D RD-and 1D ERD-type non-Abelian gauge fields with l = Σt + ε sin(ω 0 t)/ω 0 , where the physical meanings of parameters Σ, ε, and ω 0 will be interpreted in the following discussions. For the 1D ERD-type nonAbelian gauge field, the new term Θ ζ disappears. In addition, we will show in the next section that the spacetime-dependent non-Abelian gauge fields generate a novel SU(2) non-Abelian Josephson effect, which is a tunneling phenomenon in a weakly-linked superfluid system [40] . SU(2) non-Abelian Josephson effect. To predict the SU(2) non-Abelian Josephson effect, we consider two identical degenerate Fermi gases without initial population imbalance, respectively distributed in two sides of double-well potential through a weakly-linked barrier [41] [42] [43] [44] , and denote these two regions as I and II (see Fig.1 ). The space-time-dependent non-Abelian gauge fields are chosen as the terms in equation (2) . In this neutral Fermi atom system, we can investigate a gaugeinvariant mass current j m ζ = 2mj ζ , where the factor 2 originates that the formed pairing consists of two atoms [45, 46] . The explicit expressions of Λ ζ , Θ ζ , and especially, the supercurrents for the 2D RD-and 1D ERD-type non-Abelian gauge fields. The supercurrent 1 can be influenced by the synthetic non-Abelian gauge fields, while the supercurrent 2 is only a trivial SU(2) charge current, like Eq. (9). In the case of the 1D ERD-type nonAbelian gauge field, the new term Θ ζ disappears, and the supercurrent 1 emerges only in the x direction. Here, the functions are defined as y1 = Σt 2 ∂ηΣ + t∂η(Σε) sin(ω0t)
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When the vacuum condensate occurs, we have two conditions, ∂U eff /∂ψ = 0 and ∂U eff /∂ψ * = 0 [39] , and thus ψ * ψ = −a/b. So the pairing field is written as
, where ϕ is the phase. In addition, in this weakly-linked system, we also have two phenomenal boundary conditions, ∂ψ I /∂ζ = ψ II /d ′ and its complex conjugate, at the barrier [32] , where the parameter d
′ is the width of barrier. Without the synthetic non-Abelian gauge fields A ζ , the direct-current Josephson mass current density in the ζ direction is found as j m ζ = −(aα/2bd ′ )Ξ sin(∆ϕ), where the phase difference is defined as ∆ϕ=ϕ II − ϕ I andΞ is a 2 × 2 matrix witĥ Ξ 11 =Ξ 12 =Ξ 21 =Ξ 22 = 1. In the presence of the synthetic non-Abelian gauge fields A ζ , the phase difference must be modified, in order to obtain the gaugeinvariant mass current. By considering the dimensional property, we write a gauge-invariant phase difference as ∆ϕ = ϕ II0 − ϕ I0 − α
II I
A ζ dζ, where ∆Φ 0 = ϕ II0 − ϕ I0 is the initial phase difference between the regions I and II. Since the synthetic non-Abelian gauge fields A ζ are dependent of space-time, we further rewrite the total phase difference as ∆ϕ = − α t t0 dt II I dA ζ dt dζ , and the mass current is thus given by
where κ 1 = which become λ 1 = −i and λ 2 = i in the case of the y component of the RD-type non-Abelian gauge field.
By controlling different laser-atom interactions (for example, adding a sinusoidal perturbation on Rabi frequencies, etc.) [1] [2] [3] , we can choose dl/dt = Σ + ε cos(ω 0 t) with Σ = dG/dζ and ε = dg/dζ, where G and g reflect the chemical potential difference between the two wells of the unit SU(2) charge in the synthetic non-Abelian gauge fields and its amplitude of oscillating potential perturbation, respectively. In this case, the coefficient
is the Fermi energy of the non-interacting gases), equation (10) is simplified as (see Methods)
is the k-th Bessel function with respect to αg/ω 0 , and ∆ϕ 01 and ∆ϕ 02 are the matrix elements of the initial phase difference. Equation (11) shows that the space-time-dependent synthetic non-Abelian gauge fields can induce an alternating-current SU(2) Josephson mass current, which has never been predicted from the microscopic BCS theory [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] .
In equation (11), if αG − kω 0 = 0, the k-th current, with the magnitude I k = |aαJ k (αg/ω 0 )/2bd ′ |, converts to a direct current. This means that the Shapiro step, with the same magnitude I k , emerges in our predicted mass-current Josephson effect. We define a k-th gap ∆ k = αG 0 − kω 0 = N ω 0 , where N ∈ Z is a topological invariant of the fundamental group π 1 (S 1 ) with Finally, we briefly illustrate the possible experimental observation of the predicted SU(2) non-Abelian Josephson effect and the corresponding Shapiro steps. In experiments, the double-well potential can be constructed effectively by the superposition of a 1D periodic optical lattice with a 3D magnetic harmonic trap. The frequencies in the radial and normal directions of the 3D magnetic trap are of 10 3 Hz and 10 2 Hz, respectively [47] . The width and height of barrier are about 2 ∼ 4µm and of 10 3 Hz, respectively. When the pairing field condenses in the double-well potential with particle density n = 3 × 10 13 cm −3 , G ∼ 0.1E F and g ∼ 0.05E F [48] . This means the the condition {G, g} ≪ E F is valid. Thus, the predicted SU(2) non-Abelian Josephson effect as well as the Shapiro steps can be detected experimentally by the way of non-destructive phase contrast image [41] .
Discussion
In summary, we have demonstrated strictly that the neutral pairing of degenerate Fermi gases interacts with the same synthetic non-Abelian gauge fields, imposing originally on the Fermi atoms. Moreover, we have obtained the first and second SU(2) GL equations, which allow us to predict new quantum effects, such as an SU(2) non-Abelian Josephson effect and the corresponding Shapiro steps for the space-time-dependent nonAbelian gauge fields. These results give new applications of the synthetic non-Abelian gauge fields. For example, we can design a novel atomic direct-current superconducting quantum interference device [49] , based on the predicted SU(2) non-Abelian Josephson effect.
Methods
The local gauge theory of the pairing field. In order to apply the local gauge theory, we in this subsection consider the 4D space-time-dependent coordinate, i.e., x µ = (t, r). We begin to study a two-component Fermi atom field φ(x µ ) coupled with the synthetic nonAbelian gauge field. When the massive Fermi atom field interacts with the synthetic non-Abelian gauge fields, its behavior is identical to a Dirac field with the same local gauge symmetry. In this Dirac-like atom field, each component reflects a spinor, corresponding to an internal helical state. The corresponding speace-time action is written as [39] 
In equation (12) , γ µ (µ = 0, 1, 2, 3) are the Dirac gamma matrices, satisfying the Clifford algebra γ µ γ ν + γ ν γ µ = δ µνÎ , where δ µν andÎ are the Kronecker notation and 4×4 unit matrix, respectively. ∂ µ + iαA µ are the covariant derivatives of the Fermi atom field φ, where A µ (x µ ) are the synthetic non-Abelian gauge fields with [A µ , A ν ] = 0, and α is a constant that governs the coupling between the Fermi atom field φ and the non-Abelian gauge fields A µ .
is the tensor of our considered non-Abelian gauge fields. The space-time action in equation (12) is invariant via a local gauge transforma-
, where τ ǫ (ǫ = 1, 2, 3) are the generators of the SU(2) Lie group, and Λ ǫ (x µ ) are the phase factors of space-time. For the pairing field, we firstly investigate the global gauge symmetry, and then generalize it to the local case. When we introduce a global SU(2) operator U G = exp(−iΛ a G τ a ), where Λ a G is independent of spacetime, to make a gauge transformation φ 1 → U G φ 1 or φ 2 → U G φ 2 , the pairing field becomes ψ → U G φ 1 φ 2 , which means that ψ ′ = U G ψ. According to the principle of gauge-field theory, we should obtain a Lagrangian invariant L = T − V , under the above global gauge transformation of the pairing field ψ. Using the relation −i∂ µ ψ ′ = −i∂ µ U G ψ = −iU G ∂ µ ψ and its complex conjugate, we find directly that the kinetic energy T = (i∂ µ ψ * )(−i∂ µ ψ) is invariant. For the scalar pairing field ψ that can condense in a non-zero vacuum state, the effective potential V must have a stable and non-zero minimum point (vacuum). If expanding the effective potential V with respect to ψ * ψ around the critical temperature T c (up to second order), we obtain V ≃ −aψ * ψ−b(ψ * ψ) 2 /2. Thus, the global gauge-invariant action for the pairing field ψ is given by S
, where U eff = −V is an effective potential [39] .
To discuss the local gauge symmetry of the pairing field ψ, we replace U G by U L to make a similar gauge transformation. However, in such case, −i∂ µ ψ ′ = −iU L ∂ µ ψ. As a result, we introduce new covariant derivatives of the paring field ψ, [39] , which gives rise to three following equations:
and
where c.c. is the complex conjugate. With the help of equation (14) and the covariant derivatives D µ , we confirm that (D µ ψ * )(D µ ψ) are invariant under the local gauge transformation U L , and so is the effective potential U eff . As a consequence, we obtain the space-time action for the pairing field ψ in the local gauge symmetry,
where B µ are called the SU(2) Yang-Mills gauge fields, β is a constant reflecting the coupling between the pairing field ψ and the Yang-Mills gauge fields B µ ,
, is the energy density invariant of the Yang-Mills gauge fields B µ .
Due to the identical gauge properties of the pairing field ψ and the Fermi atom field φ, the Yang-Mills gauge fields B µ must have the same terms as the synthetic nonAbelian gauge fields A µ . Moreover, they have an identical conserved quality called the SU(2) charge, according to Noether's theorem [39] . This means that α = β. The above two results lead to a significant conclusion that the pairing field ψ can also couple identically with the non-Abelian gauge fields A µ , imposing originally on the Fermi atoms, and have a similar internal helical doublet, like the Fermi atoms. In addition, we obtain equation (1) in the text, by extracting the spatial part of the spacetime action in equation (15) .
The derivation of the first and second SU(2) GL equations. The variation of the total free energy functional can be written formally as
When condensate of the pairing field ψ occurs, δf n ≡ 0. Since the effective potential density does not depend on the synthetic non-Abelian gauge fields, we have
If further neglecting the higher-order terms with respect to δψ and δψ * , we derive δU eff (ψ) = aδψψ * + bδψψ * ψψ and δU eff (ψ * ) = aψδψ * + bδψ * ψ * ψ * ψ. For the coupled term between the pairing field ψ and the synthetic non-Abelian gauge fields A i , we have
where i and j run over x, y, and z, because the pairing has a 3D momentum. After a careful calculation, we have δf
. On the other hand, when neglecting the higher-order terms with respect to δA i , we obtain δf c (
. Finally, we consider the variation of the energy functional density of the synthetic non-Abelian gauge fields 
Equation (20) shows the properties induced by the synthetic non-Abelian gauge fields A i . If all noncommutators vanish, this equation becomes
, which is the typical result for the Abelian gauge field in the U(1) GL theory.
In the presence of the Abelian gauge fields, we have
However, in the case of the SU(2) nonAbelian gauge fields only with the in-plane components (i.e., A z = 0), the above formula becomes
, and equation (20) thus turns into
In addition, for the 3D momentum of the pairing, the boundary conditions are written as [32] (∂ * i + iαA i ) n ψ * = 0, c.c..
Using these boundary conditions, the variation of the total free energy functional is obtained by 
Finally, using the conditions δF s (ψ) = δF s (ψ * ) = 0, we obtain the first GL equation (see equation (3) in the text). In addition, by considering δF s (A ζ ) = 0, we derive the second GL equation and the supercurrents in the x, y, and z directions (see equations (5)- (9) in the text).
The derivation of equation (11) . We rewrite equation (10) as
where ̟ 
Based on the definition of matrix exponential, equation (28) 
Substitute equation (30) into the matrixP yields equation (11) .
